The aim of this paper is to introduce classes of α-admissible generalized contractive type mappings of integral type and to discuss the existence of fixed points for these mappings in complete metric spaces. Our results improve and generalize fixed point results in the literature. MSC: 46T99; 54H25; 47H10; 54E50
Introduction and preliminaries
In , Branciari where (ϕ, φ, ψ) ∈  ×  ×  ,
where (ϕ, ψ, α) ∈  ×  ×  , and
where (ϕ, ψ, φ) ∈  ×  ×  and (α, β) ∈  .
The following lemmas will be used in the proof of our main results.
Lemma . []
Let ϕ ∈  and {r n } n∈N be a nonnegative sequence with lim n→∞ r n = a. Then we have Definition . Let T : X → X and α : X × X → [, ∞). The mapping T is said to be weak triangular α-admissible if for all x ∈ X we have
Main results
In this section, we state and prove our main results. We start with the following general contractive inequality of integral type. http://www.fixedpointtheoryandapplications.com/content/2014/1/213
for all x, y ∈ X, where
and
Then f is said to be an α-admissible contractive inequality of integral type I.
Theorem . Let (X, d) be a complete metric space. Suppose that f : X → X is an α-admissible contractive inequality of integral type I which satisfies
(i) f is weak triangular α-admissible; (ii) there exists x ∈ X such that either α(x, fx) ≥  or α(fx, x) ≥ ; (iii) f is continuous.
Then T has a fixed point.
Proof From (ii), there exists a point x ∈ X such that α(x, fx) ≥  (due to the symmetry of the metric, the other case yields the same result). Let x  = x and we define an iterative sequence {x n } in X by x n+ = fx n for all n ≥ . Note that we have
Inductively, we have
In the sequel, we use the following abbreviations:
Notice that if x n  = x n  + for some n  , then it is evident that u = x n  is a fixed point of f . This completes the proof. Consequently, we assume that x n = x n+ for all n ∈ N  , that is,
We now prove that {d n } is a non-increasing sequence of real numbers, that is,
Suppose, on the contrary, that inequality () does not hold. Thus, there exists some n  ∈ N such that
From () and (), we get
Regarding again () and () together with the properties of ψ , we conclude that
Using equations (), (), (), () and the fact that (ϕ, φ, ψ) ∈  ×  ×  , we obtain immediately that
which is a contradiction. Hence () holds. Thus, there exists a constant c ≥  such that
Next we show that c = , that is,
Suppose, on the contrary, that c > . It follows from () and () that
Hence, inequality () becomes
Taking the upper limit in () and using Lemma . and noting (ϕ, φ, ψ)
which is a contradiction. Hence c = . 
For each positive integer k, let m(k) denote the least integer exceeding n(k) and satisfying (). This implies that
On the other hand, we have
In view of () and (), we infer that
()
Using the weak triangular alpha admissible property of f , we get in view of ()
From () and (), we have
Taking the upper limit in () and using (), (ϕ, φ, ψ) ∈  ×  ×  and Lemma ., we
which is impossible. Thus {f n x} n∈N is a Cauchy sequence. Now, since (X, d) is complete, there exists a point a ∈ X such that lim n→∞ f n x = a. From the continuity of f , it follows that x n = fx n+ → fa as n → +∞. From the uniqueness of limits, we get a = fa, that is, a is a fixed point of f . This completes the proof.
Theorem . Let (X, d) be a complete metric space. Suppose that f : X → X is an α-admissible contractive inequality of integral type I which satisfies
Then f has a fixed point.
Proof Following the proof in Theorem ., we see that {x n } is a Cauchy sequence in the complete metric space (X, d). Then there exists a ∈ X such that x n → a as n → +∞. On the other hand, from inequality () and hypothesis (iii), we have
Let us suppose that a = fa. In view of the above inequality and (), we obtain that
for all n ∈ N. On the other hand, we have
()
Taking the upper limit in (), in view of Lemmas . and . and (ϕ, φ, ψ)
which is a contradiction. Thus, we have a = fa.
Now, we present another contractive inequality of integral type.
Definition . Let (X, d) be a complete metric space and f : X → X be a self-mapping.
Then f is said to be an α-admissible contractive inequality of integral type II.
We omit the proof of the following two theorems since they mimic the proof of Theorem . and Theorem ..
Theorem . Let (X, d) be a complete metric space. Suppose that f : X → X is an α-admissible contractive inequality of integral type II which satisfies
(i) f is weak triangular α-admissible; (ii) there exists x  ∈ X such that either α(x  , fx  ) ≥  or α(fx  , x  ) ≥ ; (iii) f is continuous.
Then T has a fixed point.
Theorem . Let (X, d) be a complete metric space. Suppose that f : X → X is an α-admissible contractive inequality of integral type II which satisfies
The following condition provides the uniqueness of fixed points of the maps considered in Theorem . and Theorem .. Consider
denotes the set of fixed points of f . Proof From (U * ), we have
Define the sequence {z n } in X by z n+ = fz n for all n ≥  and z  = z. Using the weak triangular α-admissible property of f , we infer that
for all n ∈ N. Using inequality (), we get
Using standard techniques, we derive that d(x, z n ) ≤ d(x, z n- ) and hence the sequence {d(x, z n )} converges to some L ≥ . If L = , then the proof is complete. Indeed, we get that z n → x and analogously, z n → y as n → ∞ and from the uniqueness of limits, we derive that x = y. Suppose, on the contrary, L > . By letting n → ∞, we derive from the above inequality that
which is a contradiction.
Now we introduce a third type of contractive inequality of integral type.
Definition . Let (X, d) be a complete metric space and f : X → X be a self-mapping. Suppose that there exist (ϕ, φ, ψ)
Then f is said to be an α-admissible contractive inequality of integral type III.
Theorem . Let (X, d) be a complete metric space. Suppose that f : X → X is an α-admissible contractive inequality of integral type III which satisfies
Proof Following the lines in the proof of Theorem ., we conclude the result.
Theorem . Let (X, d) be a complete metric space. Suppose that f : X → X is an α-admissible contractive inequality of integral type III which satisfies respectively for all t ≥ . Clearly, in view of the definitions of α and f , we infer that f is an α-admissible contractive inequality of integral type III. There exists x  ∈ X such that α(x  , fx  ) ≥ . In fact, for x  = , we obtain
Clearly, f is continuous. Now, all the hypotheses of Theorem . are satisfied. Thus f has a fixed point in X. In this case,  is a fixed point of f .
: n ∈ N} ∪ {} with the usual metric d(x, y) = |x -y| induced by R. It is a complete metric space, since X is a closed subset of R. We consider a mapping f : X → X defined by
Define the mapping α : X × X → [, +∞) by α(x, y) =  for all x, y ∈ X. It is clear that f is weak triangular α-admissible. Thus, the condition (i) of Theorem . is satisfied. Now, consider the following auxiliary function ϕ defined as
Then, for any ε > , we have
Clearly, in view of the definitions of α and f , we infer that f is an α-admissible contractive inequality of integral type III for ψ(t) = There exists x  ∈ X such that α(x  , fx  ) ≥ . In fact, for example, for x  = , we obtain α(, f ) = α(, ) = . Hence, the condition (ii) of Theorem . is fulfilled. Let {x n } be a sequence in X such that α(x n , x n+ ) ≥  for all n and x n → x as n → +∞ for some x ∈ X. From the definition of α, for all n, we have α(x n , x) =  for all. So, the last condition of Theorem . is satisfied. As a result, due to Theorem ., the mapping f has a fixed point. Notice that u =  is a fixed point of f . 
Consequences in metric spaces
We get the following result by letting α(x, y) =  in Theorem ..
Theorem . Let f be a mapping from a complete metric space (X, d) into itself satisfying,
for all x, y ∈ X,
where M * (x, y) = max{d(x, y),
d(y, fy)]}, O(x, y) = min{d(x, fx), d(y, fy), d(y, fx), d(x, fy)} and (ϕ, φ, ψ)
Then f has a unique fixed point a ∈ X such that lim n→∞ f n x = a for each x ∈ X.
If we take L =  in Theorem ., we get the following result.
Theorem . Let f be a mapping from a complete metric space (X, d) into itself satisfying, for all x, y ∈ X,
If we take ψ(t) = t in Theorem ., we get the following result.
Theorem . Let f be a mapping from a complete metric space (X, d) into itself satisfying, for all x, y ∈ X, d(fx,fy)
Remark . The following theorem is the main result of [] that can be easily deduced by taking α(x, y) = , for all x, y ∈ X, in Theorem .. Consequently, all corollaries of the main result of [] can be deduced evidently.
Theorem . Let f be a mapping from a complete metric space (X, d) into itself satisfying, for all x, y ∈ X,
where (ϕ, φ, ψ) ∈  ×  ×  . Then f has a unique fixed point a ∈ X such that lim n→∞ f n x = a for each x ∈ X.
If we take ψ(t) = t in Theorem ., we get the following result.
Theorem . Let f be a mapping from a complete metric space (X, d) into itself satisfying,
where (ϕ, φ) ∈  ×  . Then f has a unique fixed point a ∈ X such that lim n→∞ f n x = a for each x ∈ X.
Theorem . Let f be a mapping from a complete metric space (X, d) into itself. If there is k ∈ [, ) satisfying the following condition for all x, y ∈ X:
then f has a unique fixed point a ∈ X such that lim n→∞ f n x = a for each x ∈ X.
Consequences in partially ordered metric spaces
Definition . Let (X, ) be a partially ordered set and T : X → X be a given mapping. We say that T is nondecreasing with respect to if
x, y ∈ X, x y ⇒ Tx Ty.
Definition . Let (X, ) be a partially ordered set. A sequence {x n } ⊂ X is said to be nondecreasing with respect to if x n x n+ for all n.
Definition . Let (X, ) be a partially ordered set and d be a metric on X. We say that (X, , d) is regular if for every nondecreasing sequence {x n } ⊂ X such that x n → x ∈ X as n → ∞, there exists a subsequence {x n(k) } of {x n } such that x n(k) x for all k.
We have the following result.
Corollary . Let (X, ) be a partially ordered set and d be a metric on X such that (X, d) is complete. Let f : X → X be a nondecreasing mapping with respect to and satisfy the following inequality:
for all x, y ∈ X with x y, where M * (x, y) = max{d(x, y), Clearly, f is an α-admissible contractive inequality of integral type I. From condition (i), we have α(x  , fx  ) ≥ . Moreover, for all x, y ∈ X, from the monotone property of f , we have
Thus f is α-admissible. Now, if f is continuous, the existence of a fixed point follows from Theorem .. Suppose now that (X, , d) is regular. Let {x n } be a sequence in X such that α(x n , x n+ ) ≥  for all n and x n → x ∈ X as n → ∞. From the regularity hypothesis, there exists a subsequence {x n(k) } of {x n } such that x n(k) x for all k. This implies from the definition of α that α(x n(k) , x) ≥  for all k. In this case, the existence of a fixed point follows from Theorem .. To show the uniqueness, let x, y ∈ X. By hypothesis, there exists z ∈ X such that x z and y z, which implies from the definition of α that α(x, z) ≥  and α(y, z) ≥ . Thus we deduce the uniqueness of the fixed point by Theorem ..
The following result is an immediate consequence of Corollary ..
Corollary . Let (X, ) be a partially ordered set and d be a metric on X such that (X, d) is complete. Let T : X → X be a nondecreasing mapping with respect to . Suppose that there exists a function
for all x, y ∈ X with x y. Suppose also that the following conditions hold: 
By using the observation above, it is possible to deduce some fixed point results of a cyclic mapping that satisfies, e.g., one of the inequalities between ()-(), and so on. For more details on such approach, we refer, e.g., to [, ].
Further results
Theorem . Let (X, d) be a complete metric space, f : X → X and α :
and O(x, y) = min d(x, fx), d(y, fy), d(y, fx), d(x, fy) .

Suppose also that the following conditions hold: (i) f is weak triangular α-admissible;
(ii) there exists x ∈ X such that x fx; (iii) f is continuous or (X, , d) is regular. Then f has a unique fixed point a ∈ X such that lim n→∞ f n x = a for each x ∈ X.
Proof From (ii), there exits a point x ∈ X such that α(x, fx) ≥  (due to the symmetry of the metric, the other case yields the same result). Let x  = x and consider an iterative sequence {x n } in X by x n+ = fx n for all n ≥ . Note that we have
By mathematical induction, we get
Let us denote
Now, if x n  = x n  + for some n  , then u = x n  is a fixed point of f . This completes the proof. Consequently, suppose x n = x n+ for all n ∈ N  , that is,
Now, we proceed to show that {d n } is a non-increasing sequence of real numbers, that is,
Suppose, on the contrary, that inequality () does not hold. Thus, there exists some n  ∈ N such that
From () and (), we get
Regarding again () and () together with the properties of ψ , we conclude that
Using equations ()-(), () we obtain that Next we show that c = , that is,
Suppose, on the contrary, that c > . It follows from () and () that
Hence, inequality () becomes
Taking the upper limit in () and using Lemma ., we get
which is a contradiction. Hence c = . Next we show that {f n x} n∈N is a Cauchy sequence. Suppose, on the contrary, that 
which is impossible. Thus {f n x} n∈N is a Cauchy sequence. Now, since (X, d) is complete, there exists a point a ∈ X such that lim n→∞ f n x = a. From the continuity of f , it follows that x n = fx n+ → fu as n → +∞. From the uniqueness of limits, we get a = fa, that is, u is a fixed point of f . This completes the proof.
Theorem . Let (X, d) be a complete metric space and f : X → X be a self-mapping.
for all x, y ∈ X, where Proof From condition (ii), there exists a point x ∈ X such that α(x, fx) ≥  (due to the symmetry of the metric, the other case yields the same result). Let x  = x and let the iterative sequence {x n } in X be defined by x n+ = fx n for all n ≥ . Note that we have
Using mathematical induction, we obtain
If for some n  , x n  = x n  + , then u = x n  is a fixed point of f . This completes the proof.
Suppose that x n = x n+ for all n ∈ N  , that is,
Now, we need to show that {d n } is a non-increasing sequence of real numbers, that is,
Suppose, on the contrary, that inequality () does not hold. Thus, there exists some n  ∈ N such that
From () and (), we get
From equations () and () and using the properties of ψ , we get
In view of equations ()-(), () we infer that
From (), we have M(f n  - x, f n  x) ≤ d n  . Hence, inequality () implies there exists a point a ∈ X such that lim n→∞ f n x = a. From the continuity of f , it follows that x n = fx n+ → fu as n → +∞. From the uniqueness of limits, we get a = fa, that is, u is a fixed point of f . This completes the proof.
Conclusion
In this paper, we handle contractive mappings of integral type in a more general frame via α-admissible mappings. 
